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In this paper, the Eighteenth Order Convergent Method (EOCM) developed
by Vatti et.al is considered and this method is further studied without the
presence of second derivative. It is shown that this method has same efficiency
index as that of EOCM. Several numerical examples are given to illustrate the
efficiency and performance of the new method. AMS Subject Classification:
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Introduction

Itis well known that a wide class of problems, which
arises in diverse disciplines of mathematical and
engineering science can be studied by the nonlinear
equation of the form
f(x)=0 .(1.1)
Where f:DcR— R is a scalar function on an open
interval D and f (x) may be algebraic, transcendental
or combined of both. The most widely used algorithm
for solving (1.1) by the use of value of the function
and its derivative is the well known quadratic
convergent Newton’s method (NM) given by
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Lo )

) ..(1.2)

(n=0.1.2,...)

starting with an initial guess x, which is in the vicinity
of the exact root x* . The efficiency index of Newton’s
method is ¥2-14142.

The Extrapolated Newton’s method (ENM) suggested
by V.B.Kumar, Vatti et.al.," which is developed by
extrapolating Newton’s method (1.2) introducing a
parameter ‘ o, given by

I (xn)

X1 =(1-ay)x, +ay {rn -
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(1.3)

(1.4)

/(:
o)l ..(1.5)

..(1.6)

(n=0.1.2...))

Which is same as Halley’s method having third
order convergence which requires three functional
evaluations. The efficiency index of this method is

P =1.4422.
A three step Predictor-corrector Newton’s Halley

method (PCNH) suggested by Mohammed and
Hafiz', is given by:

For a given x,, compute x_, by using
- L)

e f’(ffn)
gy 2 Cn) o)

Ol e e -(1.7)

B e f(¥n) 7[f(}'n)] S ()

n+l — 0N f’(}'n) Z[f’(}'n)]z

(n=012..)

This method has eighteenth order convergence and

its efficiency index is §/18 =1.4352.

The three step Eighteenth Order Extrapolated
Newton’s method (EOCM) developed by Vatti et.al.,?
is given by:

For a given x,, compute x_, by the iterative
schemes

wﬂ:xn—f(xn)
f’(xn)
o _f(w,,){ 1 }
=V m ) 1= 2
. B ) i ...(1.8)
LT () |1+ 120,
- S (wn) S ()
Where # 7“’(“’??)]2 ...(1.9)
and Pn:w ..(1.10)
[fl(yn)]

This method has eighteenth order convergence and
its efficiency index is 8¢ —1 4352-

In section 2, we consider the Second derivative free
Eighteenth Order Extrapolated Newton’s method and
discuss the convergence criteria of this method in
section 3. Few numerical examples are considered to
show the superiority of this method in the concluding
section.

Second Derivative Free Eighteenth Order
Convergent Method (Seocm)

Considering the Eighteenth Order Extrapolated
Newton’s method (EOCM) (1.8) with (1.9) and (1.10),
and expanding about , we obtain

F(00)= £ (o) (=50 )+ 225 )

(2.1)

S (x0) /" (xn)
[/ (xn)]

_ [ (xn)
2

- Py » Where #n =
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which gives
. _2f (wn)
% f(xn)

Therefore, (1.9) takes the form

5 _M (by 2.1)

...(2.2)
f(xn)
Similarly, we can have
_S(on)
zf[y” f’(yn)J (2.3)

p 3
& f(}’n)

and rewriting equations (2.2), (2.3) in (1.8), we thus
have the following algorithm:

Algorithm 2.1
For a given x, compute x__ by the iterative
schemes

~

(%)
I (xn)

V=W, _f(wn { 1 }
neon f'(wn) 1-p/2

5 = 2f(vn) 1
n+l Yn f’(yn) 1+'\/172pn
(n=012,.)

Wy =Xy

(2.4)

Where Ay and Pn are as given in (2.2) and (2.3).

This algorithm can be called as Second derivative
free Eighteenth Order Extrapolated Newton’s
method (SEOCM) and it requires eight functional
evaluations.

Convergence Criteria
Theorem 3.1

Let x*e D be a single zero of a sufficiently
differentiable function f:DcR—R for an open

interval D and let x, be in the vicinity of x*, then the
algorithm (2.1) has eighteenth order convergence.

Proof
Let be a single zero of (1.1) and

x*=x,+e, ..(3.1)

Then, f (x*)=0 ..(3.2)
Ifx be the n™ approximate to the root of (1.1), then
expanding f (x ) about x* using Taylor's expansion,
we have

()= £ (") +ens(") +2—|2f()+3—|3 ()

1f"(x*) 2 lf’"(;) 3 1f'v(x*) 4

o= ) en v e o

S(xy)= f’(x*)[en +52€n2 +63€n3 +c4en4 +.. :|

(3.3)
Where CJ_%;J((:*)) (j=2.3.4..)

And,

£l =7 ()1 20p0, 43050, 2 cge, - (3.4)
Now,

1[x,)

—e _ 2 . 9. 2),3_ _ 3),4 5
=e —cye, (253 Zcz )En (304 70203+4c2 )en +U(€n )

...(3.5)
From (2.4), (3.1) and (3.5), we have

=y 2 . 21,3 _ 3),4 ]
w =x +czen +(203 2c2 )en +(3c4 7c2c3+4c2 )en +o(en)

.(3.6)

Let W=w,—x" .(3.7)

Then, expanding f(Wn)’ f’(Wn), f”(Wn) about
by using (3.6), we obtain

(w2

2!

RS

S P CaTes
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:f'(x*][W+czW2 +c3W3+c4W4+...} ~(3:8)
(0 ="
Wy —X
(W) :f’(x*]Jr(wn 7x*)f”(x*)+an”‘(x*)+.. :
=f'(x*)[1+202W+303W2+4C4W3+...] (3.9)
fl((::y”)) = W—CZW2 = (Zc3 —Zczz)W3 - (3c4 ~Teqts +4023)W4 o o(ens)
n
...(8.10)
Wy — ;((”;n) . C2W2 +(2(,'3 _ZCZZJWS ay (364 ~Teyey +4c23)w4 +”(9n5)

(3.11)

f[wH - f’(w,,,)): f’(x* )[csz +(2c3 72022)W3 + (304 —Teyey +4023)W4 +o(en5 )]

..(3.12)

Zf[uh f(“’")J

and 5 — I ()
=
S ()
' 2 1
S/ 02W+(203—3022)W2+\I3C4—1062C3+7023)W3+ 902203 —40204—5024 —2(03—02‘ l )W“'hz(ens)J

:z[s WS W2+ S, w3 +S4W4 +]

) 3 ..(3.13)
where,
S, =c,. 5,=2¢ —3625—36 —10c,c +7c3
1 2273 2 73774 s 2

2
g B .
S4 —96‘2 ey 462()4 562 2(6‘3 Cy )

Now,

% sl a
Al 2 3 4
{—7} {1—(SIW+52W + 8,3 45, +”

~ 2 2 3 3
—l+SlW+(S1 +32)W +(2Sr_<:2+31 +S3)W

2 2 4\ 4
+(S4+Sz +25,8, +35,28, +5, )W e 3A44)

Multiplying (3.10) with (3.14), we obtain

w51 N
%[1—%”] :{W—C,WE—(ZC,‘—ZQE'W3—[304—7c7cs+ic,J)W4—a(eﬂ5)}
ol 2 ) 3= 2% 26440

2y o 1o &0 3 Zies 2o o8\t ]
[Hslw[sl +S2’|W +(1sls2—gl —sg'w +[s4+s2 +28,5, 4355, +5; )W -]

:W+(—622)W3 +o(eﬁ4) -(3.19)

Combining (3.6) to (3.15) and from (2.4), we
obtain

yn:x*+T ..(3.16)

where, 72023%6 .(3.17)
Now, expanding f (y ), f' (y,) about x* by using (3.16),
we obtain

I () :f'(x*)[TJrc‘sz +.:3T3 +c4r4 +] ..(3.18)

f'(_}'n]:f'(. x*)[luc T+3¢,T2 +4c,T3 +5¢ T4+...]

2 3 4 5

..(3.19)

Now,

S(yn

f'((;'n) 7T—E2T2 —(2::‘3 —2C22)T3 . (3(‘4 —75‘2133 + 45‘23 )T4 +a(en5)
...(3.20)

S(yn) _ =

Yn— f'((i\‘n)) =x +52T2 +(203 —2622 )T3 + (3c4 =Ty + 4023)7'4 + a(ens)
..(3.21)

f[ynf ;((})Z))]z f(x*)[csz +(263 *2622)7-3 +(364 *76263 +4023)T4 +o(en5 )]
..(3.22)

i -~ f(J"n)
and ‘f[J" f’(yn)J
Pn "

2.2 | 3).3
5 -3¢, ]T +(_3c4—10c2c3+7c2 ]T

22{62T+(26 _3¢

2
2 4 2 4 5
{962 c3—4czc4—502 —2(63—62 ) ]T +a(en ]J
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2 3 4
=2|RT+PT-+PT +P,T " +...
[1 z 3 4 ] ..(3.23)

where
P,=c¢c, P,=2c,-3c,? P,=3c,-10c,c,+ 7¢,*, P,=
9c,%c,-4c,c,+ 5¢,*- 2(c, - ¢,)°

Now,
s Y I ™\
B )2 2 s
-7 ey -2 o4 IT= 2 — — __ 4
J-2p, =1 2RT+2 = =P) T°42 -P=RP =T
\ S \ J
r 2 3
P 3 1 S I
R ) } -(3.24)
AN /A
and,
B B3
vl
1+ fi-2p, =2{1-BT - 17+P, |7~ - P3+Ple+17-T3
& J <)
2 3
B~ 3 2 5 4.4
_[P4+T+%%+§}:i P2+§}:i ,T +.n
/
..(3.25)

el =2[1+MIT+MzT2 w1 + M, Tt +}

where,

M. :—C.-): M

9 3
1 M’B =—§c2 +Sczc -3¢,

3 4

37 4
M, =Sc,)2f: —Ecﬁ4+cjc4—4c32

42
Now again,
-1 . =
[1= 20 ] =15[1 —MT+ (M 01, |77+ (20400, — My - 0 TP
(02 2 4\.4
_|._‘.1’12 —25\:{15\'14—.\'14—3.\'11 .'\:fz —f\:fl .|_T —:|

:3[1+NT+N 124N T3+N4T4+.‘.} +(3.26)
S TN+ N T2+ N3T + Ny

where,

From (3.20) and (3.26), we obtain

;[[:::" -[1 —Jl—T;Sn]_l = {T_[Nl - cz}Tz —[;\.72 -Ng —2:_2 —2c3]T3

9%

T s 2 | 3 4, (5)
—[A“"s—’*gﬁz—~"*1|._2ﬁz ~2e5 |+ Teyey —4cy —341’” —o|l_r°_|}

{n[o]rz {-éczz]ﬁ +[N3 N N (22| T e -3 4]Tn4 + n{rﬂ

.(3.27)

Combining (3.18) to (3.27) and from (2.4), we
obtain

Sttt -|r-te 23
x”+1—|:x + ]— —ECE +...

* 1 2r 3 6P
=X +;62 [62 QH j| +...

1 11 18

e, e =56 €n +g[:.en19‘]ul ..(3.28)

n+l

Hence, we have ¢:+12 e Therefore, the algorithm
(2.1) has eighteenth order convergence and its
efficiency index is which is same as that of the
method (1.7) and (1.8).

Numerical Examples

We consider the same examples considered by
Mohammed and Hafiz'® and V.B.Kumar, Vatti
et.al.,’® and compared EOCM with NM and PCNH
methods. The computations are carried out by
using mpmath-PYTHON software programming
and comparison of number of iterations for these
methods are obtained such that Ix . - x | < 102"
and [f(x )| <102

1
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Table 1: Comparison of different methods

Method Initial Guess The equation f(x) = 0 and its No. of X, - x| [f(x.,,,)l

X, root by respective methods iterations

1 f(x) = x3+ 4x2- 10
NM 1.365230013414096845760806828 10 3.43 E-200 -5.75E-199
PCNH 1.365230013414096845760806828 5 -3.27E-201  -5.75E-199
EOCM 1.365230013414096845760806828 3 -3.27E-201  1.07E-198
SEOCM 1.365230013414096845760806828 3 -9.8E-200 -5.75E-199

1.3 f(x) = sin?x - x2+ 1
NM 1.404491648215341226035086817 9 6.86E-200  1.72E-199
PCNH 1.404491648215341226035086817 4 -6.53E-201  -7.67E-200
EOCM 1.404491648215341226035086817 3 9.31E-200  -7.67E-200
SEOCM 1.404491648215341226035086817 3 -7.67E-200 3.14E-199

1.7 f(x) = cos x - x
NM 0.739085133215160641655312087 9 1.63E-201  2.45E-201
NM 0.739085133215160641655312087 4 -4.9E-201 2.45E-201
EOCM 0.739085133215160641655312087 3 -4.9E-201 2.45E-201
SEOCM 0.739085133215160641655312087 3 8.16E-202  -8.16E-202

2 f(x) =x3- 10
NM 2.154434690031883721759293566 9 1.63E-200 -2.1E-199
PCNH 2.154434690031883721759293566 4 -4.9E-200 -2.1E-199
EOCM 2.154434690031883721759293566 3 -4.9E-200 -2.1E-199
SEOCM 2.154434690031883721759293566 3 -3.27E-201  -2.6E-200

It is evident from these tabulated values that SEOCM
is superior to the methods (1.2) and (1.7) considering
the number of iterations and accuracy and the rate at
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