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Abstract 
The purpose of the present research is to propose a detailed analysis of a 
fragment of a passive memristor memory crossbar. For computer simulations 
a previously proposed by the authors in another paper nonlinear dopant 
drift memristor model with a modified window function is now applied. The 
results obtained by the simulation are compared with experimentally recorded 
current-voltage relationships and with these derived by the use of several basic 
memristor models as well. A relatively good coincidence between the results is 
established. The fragment of a memristor memory crossbar is simulated for the 
procedures of writing, reading and erasing information in the memristor cells. 
The effect of the basic memristor parameters, as the ionic drift mobility, the ON 
and OFF resistances and the physical length of the element on its switching 
speed is discussed. After a number of simulations, it was established that due 
to the self-rectifying effect the parasitic sneak paths do not strongly influence 
the normal operation of the memristor memory crossbar. It is confirmed that 
the model with a modified Biolek window function proposed in our previous 
research could be used for simulations of complex memristive electronic circuits 
for hard-switching.
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introduction
The memristor is an essential passive one-port 
element together with the resistor, inductor, 
and capacitor1,2. The memristor is a nonlinear  
component 1,2,3. It relates the charge q and the 
magnetic flux linkage Ψ1,2. The memristor element 
in accordance to symmetry considerations and 
the relations between the basic electric measures 
(current, voltage, electric charge and magnetic 
flux) was predicted by L. Chua in 19711. The new 

element has the ability for remembering the charge 
passed through it and its respective resistance, 
when the electrical sources are switched off2,3. 
Its I - V relationship is a pinched-hysteresis loop, 
which shape and range depend on both the level 
and the frequency of the applied signal2,3. Since 
the memristor could memorize its resistance after 
turning the source off, it could be applied as a non-
volatile memory element2,4. Its practical realization 
by TiO2

2,4 has geometrical sizes in the nanoscale 
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range and its energy consumption is several times 
less than the present flash memory elements and 
the conventional RAM devices5,6,7. These indications 
are good prerequisites for the upcoming applications 
of the memristor crossbars in high-density computer 
memories8,9,10. It is a good candidate for application 
in both the neural networks engineering, and 
in the analogue and digital integrated circuits 
technology2. The first physical memristor was formed 
in the Hewlett Packard investigation laboratories 
by Williams technical team in 20082. A number of 
papers related to memristors and memristive devices 
have been issued and several models have been 
proposed3,4,11,12,13. The linear drift model2 is used 
for low signals. The nonlinear models proposed 
by Biolek11 and Joglekar3 are able to describe 
the memristor nonlinear performance for high 
voltages. The Pickett model4 is based on physical 
measurements, and on the mechanism of the current 
stream through a tunnel barrier. It has maximal 
accuracy and sometimes it is used as a standard 
model4,14. Regrettably, this model is very complex and 
it is not suitable for simulations due to convergence 
problems. The Boundary Condition Memristor 
(BCM) model12 is with a linear ionic motion and a 
switch-based algorithm for illustration the boundary 
properties.It characterizes both soft-switching and 
hard-switching modes12. The Generalized Boundary 
Condition Memristor (GBCM) model13 is similar to 
BCM model. The difference between them is the 
use of an activation threshold for all the memristor 
states in the GBCM model13.

The memristor memory knowledge is a promising 
technology, which could potentially replace the 
traditional non-volatile memory integrated circuits5,6,7. 
The memristorelement is used in the memory devices 
as a storing element7. To the best of the author’s 
knowledge, there is a certain absence of detailed 
and complete results acquired by memristor memory 
simulations with the main models. The motivation for 
the present research is to fill this absence, to offer a 
simulation of a passive memristive memory fragment, 
using a modified highly nonlinear model proposed 
by the authors in15, and to make a comparison with 
experimentally recorded current-voltage relationships 
of memristors2,6,10. A comparison the obtained results 
with these derived by the use of GBCM model13, will 
be completed as well. The capability of the model15 
for realistic representation of the behavior of complex 

memristor electronic circuits for soft-switching and 
hard-switching modes will be established.

The paper is organized as follows. A short description 
of the memristor model applied for the simulations of 
the memory fragment and its adjustment according 
to the standard Pickett model is presented in  
Section 2. The simulations and the comparison of the 
results acquired by the used model with experimental 
data and with these obtained by the use of GBCM 
model are shown in Section 3. The conclusion is 
given in Section 4.

Materials and Methods
A Brief description of the Used Memristor 
Models and Memory Crossbar
According to the Pickett model4, the memristor 
nanostructure positioned between two platinum 
electrodes contains a separating layer of a pure TiO2. 
There is a conducting channel formed by a thin layer 
of doped with oxygen vacancies TiO2

4. In the isolating 
region, there is a thin tunnel barrier4. Using the main 
equations related to Pickett model4, a PSPICE model 
is formed and applied for the simulations4,16.

The adapted model used here is discussed using the 
memristor nanostructure proposed by Williams and 
Strukov2. The first layer of the TiO2 memristor with 
a length of w is incompletely saturated with oxygen 
vacancies2,3. The second sub-region is made by 
pure TiO2

2. The length of the memristor element is 
denoted with D = 10 nm. The state variable x of the 
memristor component3,11 is: x = w / D. 

The current-voltage state-dependent relationship of 
the memristor2,11,13 is:

( ) ( ) ( )1 1ON OFF OFF OFFu Ri R x R x i Rx R i R x i= = + − = ∆ + ≈ −     ...(1)

where  the  parameters  RON =100 Ω  and  
ROFF = 16 kΩ are the resistances of the memristor 
for fully-closed and fully-open states2,12, when the 
memristor state variable has values of x = 1 or  
x = 0. The constant ΔR is equal to the difference 
between RON and ROFF. The state differential equation 
of the memristor3,12 is:

( ) ( ) ( ) ( )2
ONRdx i x f x ki x f x

dt D
m

h h= =   ...(2)
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where η is a polarity factor, for a forward-biased 
memristor η=1 and for a reverse-biasing η=-1,  
µ = 1.10-14 m2/(V.s) is the ionic mobility of the oxygen 
vacancies2, k is a constant, dependent only on the 
memristor physical parameters - µ, RON and D, and 
f(x) is a window function3,11,12 applied for representing 
the nonlinear dopant drift.

For calculation of the duration of a positive 
rectangular voltage pulse, needed for switching 
the memristor from OFF to ON state (writing a  
logical 1), the following approximation could be 
applied. Because for the duration of the simulation 
the window function has values near to 1, equation 
(2) could be simplified:

2
ONRdx i ki

dt D
m

= =
 ...(3)

                  
The current is expressed using (1) and then it is 
substituted in (3). The derived differential equation 
is:

( )2 1
ON

OFF

Rdx u const
dt R xD

m =
=

−   ...(4)

The variables x and t are separated. After integration, 
the next formula is derived:

( )
0.8

2
0.2 0

1
pulseT

ON

OFF

R
x dx U dt

RD
m

− =∫ ∫   ...(5)

where Tpulse is the duration of the writing pulse, U is 
the level of the voltage pulse. For the logical levels of 
0 and 1, the state variable must have values of 0 and 
1 in the ideal case. Here its limits are chosen with the 
respective values of 0.2 and 0.8. Let the pulse level 
has a value of U = 3 V. The solution of (5) is:

2 9 2

14

1 16000 (10.10 ) 10.3 0.3 0.16
100 31.10

OFF
pulse

ON

R DT s
R Um

−

−= = =  ...(6)
    
Using (6) it could be concluded that for decreasing 
the duration of the writing voltage pulse, the pulse 
level, the ON resistance and especially the ionic 
drift mobility of the memristor have to be increased. 
The OFF resistance and the memristor length 
must be decreased. Several of these parameters 
could be changed in the manufacture processes 
in certain ranges. The main factor that influences 

the memristor switching speed is the ionic mobility 
of the oxygen vacancies. For the present case, the 
ionic mobility of TiO2 has a very low value – 1.10-14 
m2/ (V.s). Fortunately, there are a lot of new chemical 
compounds with high ionic mobility, which are 
appropriate for memristor manufacturing6,7. 

For the computer simulations, the ON resistance 
of the memristor has a value of 200 Ω2. Then the 
needed duration of the writing pulse will have an 
approximate value of 80 ms.

Equations (1) and (2) describe the particular 
memristor model. A significant window function with 
a wide application in memristor modeling11,14 is:

( ) ( ) 2, 1 p
Bf x i x stp i= −  − −    ...(7)

The function (7) is first used by Biolek in11 and it is 
also known as a Biolek window function. The function 
stp(i) existing in (7) is:

( )
( )
( )

1, 0 0

0, 0 0

if i u
stp i

if i u

 ≥ ≥= 
< <

 ...(8)

   
After substitution (8) in (7) the resulting more 
convenient formula is derived17:

( ) ( )
( ) ( )

2

2

( ) 1 1 , 0

( ) 1 , 0

p
B

p
B

f x x u t

f x x u t

 = − − ≤  

= − >
    ...(9)

The Biolek standard memristor model12 is fully 
defined with (1), (2) and (9). The adapted memristor 
model used for the simulations in the present 
research is described in details in15.

A simple alteration of (9) is applied in15. For 
increasing the nonlinearity of the modified Biolek 
model, the authors suggested an extra sinusoidal 
window function element15:

( )
( ) ( )

( )

( )
( )

( )

2 2

22

1 1 sin
, 0

1

sin1 , 0
1 1

p

BM

p

BM

x m x
f x u t

m

m xxf x u t
m m

p

p

  − − +   = ≤ +
  
  −   = + > + +
  

    ...(10)

                                  
where the weight coefficient m is between 0 and 
1, and fBM is the altered Biolek window function15. 
The adapted Biolek model used here is completely 
defined with equation (11)15:
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( ) ( )( )
( )

( )( )
( )

[ ]

2 2

2 2

1 1 sin
, 0, ( ) 0

1

1 sin
, 0, ( ) 0

1

p

p

OFF

x m xdx ki u t i t
dt m

x m xdx ki u t i t
dt m

u Ri Rx R i

p
h

p
h

 − − +
 = ≤ ≤ +
  
 − +
 = > > +
  

= = ∆ +

 
...(11)

If both the coefficient m and the activation threshold 
of the memristor uthr are zeroes, the adapted Biolek 
model15 is changed into the expression of the original 
Biolek model.

The flux-charge and the I-V relations of the memristor 
element according to the reference Pickett memristor 
model4 are derived in PSPICE environment16 for 
sinusoidal voltage signal and they are applied for 
tuning the used modified model. The respective 

Weber-Coulomb and current-voltage characteristics 
of the applied memristor model15 are obtained after 
a number of computer simulations and adjustment 
according to the Pickett model, and they have been 
found by simulations in MATLAB17,18. After finishing 
the fine tuning procedures and acquiring a reasonably 
good matching of the respective main relationships – 
the I-V and flux-charge characteristics, the modified 
memristor model15 is applied for simulation the 
passive memristor crossbar. The optimal value for 
the weight coefficient has been derived with a value 
of 0.2.

A bit of the memristive memory matrix with sixteen 
cells according to7,10 is schematically presented in 
Fig. 1 for the following clarification of the signals 
needed for writing and reading procedures. 

Fig. 1: A fragment of a memristor memory crossbar representing the rows, columns, the 
memristor cells, the selected memristor current path and a parasitic sneak path

The electric circuit of the memory fragment is 
presented in Fig. 2. It contains four rows (bit 
lines) and four columns (word lines). Selecting 
the particular memory element makes possible 
loading a bit of information – logical 1 or logical 
0. The approximate value of the resistance of the 
lines between the neighboring memristors is about  
1.25 Ω5 and it could be neglected with respect of the 
minimal memristance of the memory cells. For writing 

a logical 1, a positive voltage pulse with amplitude of 
3 V is applied to the respective memristor cell. For 
writing logical 0 a negative voltage signal with the 
same amplitude has to be used6. For the reading 
procedure, a positive voltage signal with a value 
lower than the memristor activation threshold has 
to be applied17. Memristor models with sensitivity 
thresholds, as GBCM and the applied by the authors 
nonlinear model15 are appropriate for simulation the 
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reading processes in passive memory crossbars. 
For simulation the memory matrix fragment, 
a SIMSCAPE17 memristor model is prepared 
according to the proposed in15 modified model. In 
the first 100 milliseconds a logical 1 is stored in the 
memristor cell M1. In the next 100 milliseconds a 
reading signal with a level of 200 mV is applied to the 
memristor M1. This level is lower than the activation 
threshold of the memristor so that during the reading 
process the information memorized in the memristor 
will not be influenced. The voltage across a series 
connected sense resistor with a resistance of  
1788 Ω is proportional to the logical level stored in the 
memristor cell. In the next 100 milliseconds applying 

a negative voltage pulse with an amplitude of 3 V 
follows and a logical 0 is written in the memristor. 
The next procedure is reading the information for 
100 milliseconds. A parasitic sneak path between 
the electrodes is presented in Fig. 1 and Fig. 2. It 
has been specified by a number of simulations and 
comparison with a single-cell memristor memory that 
in the present case the sneak paths do not strongly 
influence the normal operation of the memory 
device. This phenomenon could be explained with 
the presence of a reverse-biased memristor with 
high resistance in the sneak path and the rectifying 
effect related to the operation of the memristors in 
a state near to a hard-switching mode.
 

Fig. 2: An electrical circuit of a fragment of a memristor memory crossbar for 
computer simulation

results and discussion
For selecting the memristor M1, a positive potential 
with a value of 3 V has to be applied to the first-row 
electrode of the crossbar. The first column electrode 
is grounded. The time diagrams of the memristor 
voltage, the resistance of M1 and the output voltage 
taken after a reading process are shown in Fig. 3. 
They represent the range of altering the resistance 
of the memristor and the result obtained by applying 
the reading signal. It is obvious that the resistance 
of the respective memory cell changes in a very 

large range – from 200 Ω (for logical 1) to about 
12 kΩ (for logical 0). The wide range of changing 
the memristance is a very useful for the accurate 
recognition of the logical levels. The GBCM model 
and the modified Biolek model are used for the 
simulations. The respective time diagrams of the 
memristance almost match to each other. An 
advantage of the applied model is that the output 
voltage derived by the use of the modified model 
for reading process is higher than the respective 
voltage derived by GBCM model. It was established 
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by several additional computer simulations that low 
variation of the main memristor parameters does 

not strongly influence the normal operation of the 
analyzed memory matrix.

Fig. 3: time diagrams of the memristor voltage, the resistance of the memristor M1 and the output 
voltage after the reading procedure; the logical levels could be well recognized – the logical 1 is 

coded with a high voltage pulse, and the logical 0 is presented with a low-voltage pulse

The current-voltage and memristance-f lux 
relationships of M1, acquired in the operation process 
of the memory device and illustrating the respective 
operating mode, are shown in Fig. 4. These results 
are derived by the use of the applied memristor 
model15, and the GBCM model13. The current-
voltage relationships practically match to each other. 
The resistance of the memristor element almost 
reaches its limiting values. The memristor practically 
operates in a state, near to a hard-switching mode. 
After comparison the I – V relationships of the 
memristor obtained by the use of the applied model15 
with experimental current-voltage relationships2,6 
obtained for similar conditions, a comparatively good 
similarity between the respective current-voltage 
curves is established. The results derived by the 
use of the applied memristor model are identical to 
the experimentally recorded characteristics in6 and 
to the results obtained by the use of GBCM model. 
The attempt for simulation of the same memory 
matrix in PSpice using the Pickett memristor model 
was unsuccessful due to convergence problems 
for voltages higher than 0.7 V. The respective 
memristance-flux relations derived by the use of 
GBCM model and the modified Biolek model are 
similar and they almost match to each other.

The output voltage of the memory circuit is acquired 
during the reading procedure by the use of a sense 
resistor and an amplifier. It has a comparatively 
high value, which is a good prerequisite for a right 
differentiation of the logical levels. Comparing 
the respective current-voltage relationship of the 
memristor with experimental data6 acquired for 
similar conditions and with the results derived by the 
use of the GBCM memristor model, a good similarity 
is obtained. Identical results have been obtained 
and it could be concluded that the applied nonlinear 
memristor model15 could be used for simulations of a 
large number of complex memristor-based electronic 
circuits and devices. An advantage of the memristor 
model applied here compared to the GBCM model, 
is the comparatively high nonlinearity extent of the 
dopant drift of the applied model.

The good convergence of the computing procedures 
using the respective algorithm for the computer 
simulations15 is also an advantage of the applied 
memristor model. The successful operation of a 
fragment of a memristor memory crossbar with 
the used memristor model for general pulse mode 
confirms that this model could be applied for 
simulations of many memristor-based electronic 
circuits.



10KIRILOV & MLADENOV, Orient. J. Comp. Sci. & Technol.,  Vol. 11(1) 04-11 (2018)

Fig. 4: Current-voltage and memristance-flux relationships of the memristor M1 according to the 
applied model and GBCM model; the respective i-v relationships practically match to each other, 

the respective memristance-flux relationships are almost identical

Conclusion
After analyzing the results derived by the simulations 
of the applied memristor model and by the use 
of GBCM model, it could be concluded that they 
all have almost similar behavior in the memristor 
memory operation processes: writing and reading 
logical information. The current-voltage curves and 
the respective memristance-flux relationships of the 
memristor memory cell obtained by the memristor 
model proposed by the authors in15, and the GBCM 
model are identical and practically they match to each 
other. Then it could be concluded that the memristor 
model applied here has the capability to represent 
the behavior of a memristor in memory schemes for 
general pulse mode. After a comparison the current-
voltage characteristics with experimentally recorded 

I-V curves, it could be confirmed that the model used 
here could realistically represent the behavior of the 
memristor elements in complex electronic circuits. 
The model proposed in15 could be successfully 
used for representation of writing procedures in a 
memristor memory crossbar when the memristors 
operate in a state near to a hard-switching mode 
and for the reading processes with a voltage signal 
with a level lower than the sensitivity thresholds of 
the memristor components.
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